Desirability functions of Derringer and Suich, one of the widely used approaches in multiresponse optimization, have nondifferentiable points in their formulations as a drawback. To solve the optimization problem of the overall desirability function, one way is to modify the individual desirability functions by approximation approaches and then to use the gradient based methods. Another way is to use the optimization techniques that do not employ the derivative information. In this study, we propose a new approach which is easy to implement and does not need assumptions like convexity and smoothness. Our approach is based on writing the optimization problem of the overall desirability function as a mixed-integer nonlinear problem, and then putting a constraint on the integer variable to obtain a continuous formulation. The resulting problem is solved as a nonlinear model with discontinuous first order derivatives (DNLP) with Branch And Reduce Optimization Navigator (BARON), a new solver of the General Algebraic Modeling System (GAMS) for nonconvex optimization problems. The solutions obtained for two example problems are better than those of the others.
Introduction
Most industrial processes and products have more than one response or quality characteristic affected by several factors or variables. To find the best levels of these variables during product or process design, it is necessary to take into account all these quality characteristics simultaneously, which is known as multiresponse or multiobjective optimization. A wide range of multiresponse optimization and multicriteria decision making (MCDM) approaches available in the literature can be used for these problems. The most commonly used approaches are multivariate analysis of variance (MANOVA), response surface methodology (RSM), Taguchi method, loss functions, Mahalanobis distance and desirability functions. Each of these methods has its own strengths and limitations.
Desirability functions approach is based on the idea that when one of the quality characteristics of an industrial process or product with many characteristics is not in the desired limits, then the overall quality of the industrial process or the product is not desirable. By this approach the process (and/or product) variables x which yield the most desirable responses are found. The desirability function approach for the optimization of the multiresponse problems was originally introduced by Harrington [5] . Then another version was developed by Derringer and Suich [4] which has been the one widely used in the literature. In their study, the overall desirability function, delivered as the geometric mean of linear individual desirability functions, is optimized by a univariate search technique which does not use any derivative information of the function. Castillo et al. [3] demonstrated a modified version of the Derringer and Suich's desirability functions for the linear case based on polynomial approximations of the individual desirability functions at their nondifferentiable points. Then, the optimization problem of the overall desirability function obtained from the geometric mean of the smoothed functions is solved by a generalized reduced gradient method. Ch'ng et al.
[1] proposed a new formula to compute the overall desirability function other than the geometric mean together with a change of variables in the individual desirabilities in such a way that no nondifferentiable points occur in the functions. There are many other studies with desirability functions focusing on other drawbacks than nondifferentiability such as those in the studies of Khuri and Conlon [7] , Kim and Lin [8] and Jeong and Kim [6] .
The desirability functions continue to be a commonly preferred method because it easily converts a multiresponse problem into a single response one. The desirability functions considered in this study are of Derringer and Suich's type. They can be linear or nonlinear; usually piecewise smooth including a finite number of nondifferentiable points at their target value, where the maximum desirability occurs.
In section 2, we present the individual and overall desirability functions and the optimization problem of the overall desirability functions of Derringer and Suich's [4] . In section 3, we summarize the current approaches to solve the maximization problem of these functions. We propose a new approach based on reformulating two-sided individual desirability functions and write the optimization problem of the overall desirability functions in section 4. We use our approach on two examples and present the results obtained from BARON solver of GAMS.
Desirability Functions
In a multiresponse optimization problem each response can be expressed as 
The desirability function approach requires that for each response j y , an empirical model (typically a polynomial) is built for the relation between the response and the factors using the response surface methodology. These models are used in the individual desirability functions (2) and (3), which in turn are substituted in the overall desirability function (1). Then a single objective optimization method is used to solve the optimization problem given in (4), i.e., we want ) (x D as close to unity as possible. In this formulation of desirability functions, possible correlations between the responses are not taken into account.
Optimization of Desirability Functions
The optimization of overall desirability functions becomes a complicated task when there are twosided individual desirability functions in the problem. In the two-sided desirability functions formulation (3), the target value is a nondifferentiable point and hence the function is not smooth at this point. To optimize the overall desirability function given in (1) involving two-sided desirabilities, one way is to use the optimization techniques that do not employ the derivative information to find the optimum. Another way is to modify the individual desirability functions by approximation approaches to smooth it and then use the gradient based methods. x . Therefore, the direct search methods can be used to optimize the overall desirability over the domain of the factors.
Direct Search Optimization Methods
In the study of Derringer and Suich [4] , firstly second degree polynomials are fit by regression to some data collected through experimentation to model the relations between the responses and the factors. Then, the individual desirabilities of these responses are calculated and used to calculate the overall desirability. Hence, for each set of factor levels, an overall desirability value is obtained. Then, all factor levels are searched to find the optimal D by a direct search method similar to that of Hooke and Jeeves [11] .
Modified Desirability Functions Approach
The idea in the modification approach is to smooth the two-sided desirability functions by a local polynomial approximation at their nondifferentiable points and being able to use the gradient based methods, which are widely available and more popular. Castillo et al. [3] proposed a smoothening technique for the linear case (s=t=1) of the two sided individual desirability functions to get rid of the nondifferentiable points. Then the overall desirability function is optimized with a gradient based method, generalized reduced gradient (GRG). This approach is referred to as GRG, in short, in this paper.
The nondifferentiable point of a two-sided desirability function is at (5), the overall desirability function is computed with these modified and, hence, smoothed functions. Castillo et al. [3] used GRG2 method provided by Microsoft® Excel, as well as many others, to optimize the overall desirability function.
Although modifying desirability functions helps us to get rid of the nondifferentiable points, this method may lead to inaccurate results for some inexperienced users because it needs numerous calculations. Here, the smoothing technique means an approximation of the model; hence, it can lead to sub-optimal solutions.
Proposed Approach: DNLP Model of Desirability Functions solved by GAMS/BARON
An overall desirability function which involves only one-sided desirability functions does not contain any nondifferentiable point. Hence, it is a smooth function and its optimization problem can be solved by a gradient based method. We treat the optimization problem of the overall desirability functions involving at least a two-sided desirability function. These kinds of overall desirability functions are nonsmooth functions; hence its maximization is a nonsmooth optimization problem. For details of nonsmooth optimization, we refer to the book of Clarke [2] .
For a two-sided individual desirability function, we introduce a mixed-integer formulation with
being a binary coefficient and p being the number of the responses having two-sided desirabilities: The optimization problem (7) of the wire bonding process is solved as a DNLP model with BARON.
The results are presented in Table 2 in comparison with the results given in Castillo et al.'s work, i.e., GRG and H&J which refers to direct search method of Hooke-Jeeves [3, 11] . The optimization problem (7) of the tire tread compound example is solved as a DNLP model with BARON. 
Discussion and Further Studies
In maximization of overall desirability functions the current approaches have difficulties with the twosided desirability functions because of the nondifferentiable points in their formulations. Using direct search methods to find the optimum requires a long computational time as the number of responses increases. Nondifferentiable points, on the other hand, might be smoothened to use the gradient based methods. However, modifying desirability functions like this has been criticized to produce inaccurate results for some inexperienced users due to the numerous calculations.
Our approach based on reformulation of two-sided desirability functions makes the overall desirability function maximization a continuous nonlinear optimization problem. BARON of GAMS provides an appropriate solution algorithm for the new problem. Our experience with the two numerical example problems shows that the proposed method is superior to the formerly suggested methods in terms of reasonably small computational time and effort. As a future study, nondifferentiable cases with different shapes and combinations of desirability functions and response functions can be studied with the proposed approach, and further benefits or weaknesses, if any, can be discovered.
Conclusion
Desirability maximization is a widely used approach in solving multi-response optimization problems. We have presented an approach based on mathematical reformulations of the overall desirability function and its optimization problem. This approach is shown to be successful on the two example problems. Moreover, this approach is easy to implement on the problems including a large number of responses with different types.
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